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Abstract 
Injury to finger flexor tendons or extensor digitorum tendons necessitates operations and rehabilitation to regain 
normal function. In this study, a system was designed to simulate the rehabilitation motions for injured finger flexor 
and extensor digitorum tendons, such as making a fist and extending the fingers. The dynamic system (DS) is based on 
a 16-segment hand model and was designed using Lagrange-Euler (LE) equations of motion for 27 degrees of freedom 
(DOF). The The minimum energy control (MEC) method was used to simulate the optimal motion trajectory (OMT) 
for finger rehabilitation. The simulation results showed that under the established boundary conditions (BC) for finger 
joint motions within a limited time, the designed algorithm can calculate the optimal motion trajectory for finger 
rehabilitation. Therefore, this algorithm can assist people in adjusting the rehabilitation motions of their injured finger 
flexor and extensor digitorum tendons. In addition, since this algorithm can calculate the velocity and moment for each 
segment of the hand, it can be applied to the design of finger rehabilitation equipment for controlling the motion 
trajectory (MT) of a certain segment. 
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Introduction 
The finger flexor tendons are beneath the palm. When they 
are injured or broken, finger joints cannot be bent. Conversely, 
the extensor digitorum tendons are on the back of the palm. A 
thin layer of skin covers the extensor digitorum tendons, and 
below the tendons are bones. This structure makes it easy for 
extensor digitorum tendons to get hurt. Even a slight cut can 
injure them, and impacts on fingers can cause broken finger 
bones and injure the tendons. When the tendons are injured, 
people cannot straighten their fingers. Generally speaking, 
injured finger flexor and extensor digitorum tendons can 
regain normal function through operations and rehabilitation. 
When rehabilitating the finger flexor or extensor digitorum 
tendons, several motions can be adopted to ensure a certain 
amount of muscle workout. These rehabilitation motions are 
characterized by low-load training such as making a fist and 
stretching the fingers, which are practiced for progressively 
extended periods of time. Meanwhile, rehabilitating people 
need to be trained in strengthening their muscles and 
maintaining their function. After three months of training, the 
injured tendons can return to their former flexibility. 
Previous studies on human fingers have investigated the 
friction between human finger flexor tendons and pulleys at 
high loads [1],  biomechanical properties of the crimp  grip  
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position in rock climbers [2], a realistic biomechanical model 
for the thumb [3], and an improved biomechanical model to 
simulate the strain of the hand-arm system under vibrational 
stress [4]. There have been few studies on the MT for finger 
rehabilitation motions. However, it is necessary to locate the 
optimal trajectory for rehabilitation motions to assist people in 
making the correct motions. In this study, a set of algorithms 
was designed to locate the optimal trajectory for the 
rehabilitation of finger flexor and extensor digitorum tendons. 
In the past, researchers have adopted various methods to 
design human multibody dynamic systems (DS); these include 
the Newton-Euler, generalized d’Alembert, and 
Lagrange-Euler (LE) equations of motion [5]. Several 
researchers have also proposed equations of motion for fingers 
[6, 7]. In this paper, a DS with 27 degrees of freedom (DOF) is 
proposed that is based on a 16-segment model of a right hand. 
LE equations of motion were adopted in the design of the 
proposed DS. The minimum energy control (MEC) method 
was used to calculate the optimal motion trajectory (OMT) for 
finger rehabilitation.  
Materials and Methods 
Human hand model 
In the right hand model shown in Fig. 1, each segment is 
represented by Fi (i = 1,…,16). The following representations 
were used: F1 is the hand; F2, F3, and F4 are the thumb 
segments; F5, F6, and F7 are the forefinger segments; F8, F9, 
and F10 are the middle finger segments; F11, F12, and F13 are the 
   International Journal of Sport and Exercise Science, Vol. 1. No. 4 2009  94 
ring finger segments; and F14, F15, and F16 are the little finger 
segments. O0 represents the origin of the OX0Y0Z0 coordinate 
system; Oi (i = 1,…,16) represents the finger joints; and Gi (i = 
1,…,16) represents the center of mass (COM) position (Fig. 1). 
li represents the segment lengths. The following 
representations were used: l1 is the palm length; l2, l3, and l4 
are the thumb segment lengths; l5, l6, and l7 are the forefinger 
segment lengths; l8, l9, and l10 are the middle finger segment 
lengths; l11, l12, and l13 are the ring finger segment lengths; and 
l14, l15, and l16 are the little finger segment lengths. pi = 
( iii zyx )T represents the translation from the origin of the ith 
segment coordinate frame relative to the i-1 segment 
coordinate frame; ir  is COM position for the i-th segment, 
and ir  = ( ix , iy , iz , 1)T (Fig. 1b). The translations from the 
origin of the OX0Y0Z0 coordinate system to the first segments 
of the thumb, forefinger, middle finger, ring finger, and little 
finger are represented by k1, k2, k3, k4, and k5, respectively. 
The COM and rotation inertia parameters for the hand in 
this DS are presented in Fig. 1a. The COM and rotation inertia 
parameters were obtained using integral calculus. The palm 
looks like a thin cylinder, and its radius and thickness can be 
measured. The moments of inertia for the palm on three axes 
are represented by Ix = mb2/2, Iy = m(3b2 + L2)/12, and Iz = 
m(3b2 + L2)/12 (m: palm mass, b: palm radius, L: palm 
thickness). The fingers were assumed to be like cylinders, and 
the moments of inertia for each finger on three axes are 
represented by Ix = m(3a2 + l2)/12, Iy = m(3a2 + l2)/12, and Iz 
= ma2/2 (m: finger mass, a: finger radius, l: finger length). The 
parallel axis theorem was used to transform the moments of 
inertia and products of inertia relative to the i-th segment into 
moments of inertia relative to the origin of the i-1 coordinate 
system. Since the COM and rotation inertia parameters for the 
thumb are part of the hand, they were assumed to be 0 [8]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
             (a)                                                   (b) 
Figure 1.  (a) Model of a human hand. (b) Hand length and COM position  
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Subject  
A computer was used to conduct simulations of the subject 
making a fist. The subject was 1.75 m in height and 78 kg in 
weight. Using the hand segment parameters proposed by 
Zatsiorsky et al. [8], the weight of the subject’s hand was 
calculated to be 0.479 kg. Applying the palm length and finger 
segment lengths to the formula for a cylindrical volume, the 
volumes of the palm and each finger were calculated. In 
addition, the total volume of the hand was calculated. The 
average density of the palm and fingers was thus obtained. 
This average density was then used to calculate the weight of 
each segment. 
 
Minimum Energy Control  
In this study, a coordinate system was established in the 
center of the right wrist joint. The right-hand rule was applied 
to this OX0Y0Z0 coordinate system, whose origin was used as 
the starting point. Due to the structure of finger joints, there 
were 27 DOF in this system (Appendix A). The 27 DOF act as 
variables, and each DOF is involved a coordinate frame. 
According to the LE equations of motion, the generalized 
forces τi can be written as [9–12]: 
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The variables in this equation are defined as follows [9–12]. 
q i represents generalized coordinates; q& i is the generalized 
velocity; and iq&&  is the generalized acceleration (Appendix B; 
Table 1)[9]. Uij is defined as ∂0Ai/∂qj (i,j = 1,2,3,…,27). i-1Ai is 
the homogeneous coordinate transformation matrix of the ith 
frame relative to the (i–1)th frame (Appendix B; Table 1). The 
homogeneous coordinate transformation matrix from the 0th to 
the ith frame is represented with 0Ai, and the equation can be 
written as 0Ai = 0A11A22A3,…, i-1Ai (Appendix B; Table 1).The 
symbol Uijk is defined as ∂0Uij/ ∂qk (i,j,k = 1, 2, 3,…, 27). Ji is 
a 4 × 4 inertia tensor, while G = [0, 0,-| g |, 0] and g is the 
gravitational constant (g = 9.8062 m s-2). The mass for the i-th 
segment is represented by mj. The COM vector is represented 
by ir  = ( ix , iy , iz ,1)T.
 
Based on LE equations of motion, the algorithm in this 
study can be written in a matrix form as τ = M( q ) q&&  + 
V( q , q& ) + G( q ) [14–15]. The symbols in this equation are 
defined as follows: τ = [τ1, τ2,…,τ27]T, which is a 27 × 1 
generalized force vector; q  = [ q 1, q 2,…, q 27]T, which is 
a 27 × 1 position vector; q&  = [ q& 1, q& 2,…, q& 27]T, which is a 
27 × 1 velocity vector; q&&  = [ q&& 1, q&& 2,…, q&& 27]T, which is a 
27 × 1 acceleration vector; M( q ) is a 27 × 27 inertial 
acceleration-related symmetric matrix; V( q , q& ) is a 27 × 1 
nonlinear Coriolis and centrifugal force vector; and G( q ) is a 
27 × 1 gravity loading force vector. 
The equations of motion are then transformed into the linear 
state-space of a control system [13]; the control system can 
thus be written as: 
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00
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In state-space (2), the state variable is represented by x = 
[ q T q& T]T
,
 with q T as the position and q& T as the velocity 
(x∈ R54). The symbol I represents a 27 × 27 matrix, and u = 
-M -1( q )[V( q , q& ) + G( q )] + M -1( q )τ. To calculate the MT, 
an open-loop linear quadratic controller was used for this 
system [9–12]. The entire simulation process was divided into 
two periods of time. The state variables of the two periods of 
time are represented by x(t1) and x(t2). The first period of time 
is denoted as t1, and x(t1) represents the initial state. The 
second period of time is written as t2, and x(t2) represents the 
final state. The two variables x(t1) and x(t2) refer to the 
established BC [9–12]. The cost function J during the period 
between t1 and t2 can be written as: 
J = ∫
2
1
2
1
t
t
uTRu dt                                 (3) 
R is a symmetrical matrix (R = [I]).  
According to OLLQC [14], the Hamiltonian is:    
) (
2
1)( BuAxRuutH TT +λ+=
                  (4) 
where nRλ ∈)(t  is an undetermined multiplier. The state and 
costate equations are: 
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and the stationarity condition is: 
λBRu
u
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∂
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                            (7) 
Finally, Eqs. (5–7) are used to determine the optimal control 
*
u  and optimal trajectory *x . 
 
Boundary conditions 
The simulation data for the rehabilitation movements of the 
right hand are detailed in Tables 1 and 2. The time it took for 
the stretching fingers to form a fist was set as 0.5 s [9]. The BC 
for the thumb motions was then assumed as follows: q
 7∈ [ 0°, 
20°], q9∈ [ 0°, -70°], and q11∈ [ 0°, 30°]. The BCs of the 
Y-axis rotation for the forefinger, middle finger, ring finger, 
and little finger segments were assumed as follows: first 
segment BC was q12, q16, q20, q24∈[ 0°, 70°]; second segment 
BC was q14, q18, q22, q26∈ [ 0°, 80°]; and third segment BC was 
q15, q19, q23, q27∈ [ 0°, 45°]. Other BCs, such as the position 
and velocity vectors, were assumed to be 0. 
 
Results  
For the initial state of the rehabilitation motion, t1 = 0 s and 
   International Journal of Sport and Exercise Science, Vol. 1. No. 4 2009  96 
the fingers were stretched (Fig. 2a)[9]. The subject was then 
simulated taking 0.5 s to make a fist in the OX0Y0Z0 
coordinate system. In the final state of the motion, a fist was 
formed ( Fig. 2f ).  
Since the three segments of the forefinger, middle finger, 
ring finger, and little finger have the same BC, presenting the 
simulation results of one finger can be taken as representative 
of the other fingers. The following three graphs present the 
simulation results for the motions of the forefinger. The first 
graph shows the MT on the Y-axis for each segment of the 
forefinger (Fig. 3a)[9]. The second graph presents the velocity 
on the Y-axis for each segment of the forefinger (Fig. 3b)[9]. 
The third graph shows the moment for each segment of the 
forefinger (Fig. 3c)[9].
 
 
  (a)                       (b)                     (c)                   (d)                   (e)                (f) 
 
Figure 2. Six phases of the simulated finger motion: (a) initial state (t1=0 s); (f) final state (t2=0.5 s). The interval between two adjacent phases 
is 0.1 s. The whole process takes 0.5 s to complete.  
 
Discussion 
The C++ computer language was used to design a DS to 
simulate making a fist [15]. In the initial state of the simulation, 
the subject’s fingers were stretched. The subject then took 0.5 
s to make a fist. During the fist-making process, the three 
segments of the forefinger were controlled under mechanical 
minimum-energy expenditure conditions [14]. Figure 3(a) 
presents the simulated MT on the Y-axis for each segment of 
the forefinger [9]. The simulation results show that the 
algorithm was able to calculate the optimal MT of the fingers. 
Therefore, this system can assist rehabilitating people in 
adjusting their finger motions to maintain correct motions. In 
addition, the three curves, which represented the optimal MT 
for the three segments of the forefinger, are smooth (Fig. 3a) 
[9]. The results demonstrate that the controlled MT for hand 
rehabilitation was steady with no peak value or irregular 
vibration. Therefore, this system is a reliable instrument for 
finger rehabilitation. 
The three segments of the forefinger were motionless in the 
initial state on the Y-axis. When making a fist, the velocity of 
the bending forefinger increased. The angular velocity reached 
its maximum at 0.25 s. The velocity then decreased gradually 
and became 0 m/s at 0.5 s when the fist-making motion was 
completed (Fig. 3b) [9]. The second segment obtained the 
highest angular velocity, the first segment obtained the 
second-highest angular velocity, and the third segment 
obtained the lowest velocity. These results indicate that when 
the range of the controlled boundary becomes wider, the 
angular velocity accordingly increases.  
The first segment of the forefinger obtained the largest 
moment on the Y-axis, the second segment obtained the 
second largest moment, and the third segment obtained the 
smallest moment (Fig. 3c) [9]. This result indicates that in 
rehabilitating fingers, the first segment of each finger, which is 
nearest the palm, is loaded with the largest moment, while the 
segment which is nearest the fingertip is loaded with the 
smallest moment.  
In conclusion, there are four principal findings of this study: 
(1) the seven types of homogeneous coordinate transformation 
matrices (CH-7T) as defined by Chiu [9,15] can locate the 
segments of the human hand model and establish the equations 
of motion for the fingers; (2) the algorithm proposed in this 
study can calculate the position, velocity, and moment of the 
16 segments in the hand model; (3) when simulating the 
motion under minimum energy expenditure conditions, the 
optimal MT and velocity for each joint can be obtained; and (4) 
the algorithm of this DS can be applied to finger rehabilitation 
equipment to control the MT under the established BC. These 
results can assist people in rehabilitating finger flexor or 
extensor digitorum tendons and prevent muscular dystrophy 
and the malfunction of fingers. 
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Figure 3. The MT, velocity, and moment on the Y-axis for each joint of the forefinger. (a) The MT is represented by B1-Y(O5), B2-Y(O6), and 
B3-Y(O7). (b) The velocity is represented by B1-Y(O5), B2-Y(O6), and B3-Y(O7). (c) The moment is represented by B1-Y(O5), B2-Y(O6), 
and B3-Y(O7) (see Fig. 1).  
 
Appendix A  
Seven types of homogeneous coordinate transformation 
matrices
 
The homogeneous coordinate transformation in LE 
equations of motion came from CH-7T and is shown in 
equations (4) to (10). In basic homogeneous rotation matrices, 
qi represents generalized coordinates, and cqi = cos qi, sqi = sin 
qi. The seven types of homogeneous coordinate transformation 
matrices are: i-1Ai = Tx,q; i-1Ai = Ty,q; i-1Ai = Tz,q; i-1Ai = Ttran-x,q; 
i-1Ai = Tt-y,q; i-1Ai = Tt-z,q; and i-1Ai = i-1Si (i refers to positive 
integers). Each type of Ch-7T is a 4 × 4 identity matrix. mSn = 
mSm+1 m+1Sm+2 … n-2Sn-1 n-1Sn (m and n are positive integers 
where n > m). The translation from the origin of the ith 
segment coordinate frame relative to the i - 1 segment 
coordinate frame is represented by pi = ( iii zyx )T. In this 
study, pi refers to the relative position vector between two ends 
of a certain body segment (Appendix B; Table 2) [9–12,15]. 
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0
15
30
45
60
75
90
0 0.1 0.2 0.3 0.4 0.5
(a)    time(s)
A
n
gl
e(d
eg
re
es
)
B1-Y B2-Y B3-Y
   International Journal of Sport and Exercise Science, Vol. 1. No. 4 2009  98 
support phase of one leg in WJR. 
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Appendix B 
Table 1. Variables qi and i-1Ai.. 
   pi        x(t1)   x(t2) 
iq   ix  iy  iz  i-1Ai 0Ai qi q& i  qi q& i 
q 1 - - - 0A1 =Tt-x,q 0A1=0A1  0 0  0 0 
q 2 - - - 1A2 =Tt-y,q 0A2=0A2 0 0  0 0 
q 3 - - - 2A3 =Tt-z,q 0A3=0A3 0 0  0 0 
q 4 0 0 0 3A4 =Ty,q 0A4=0A4 0 0  0 0 
q 5 0 0 0 4A5 =Tx,q 0A5=0A5 0 0  0 0 
q 6 6x  6y  6z  5A6 =Tz,q 0A6=0A6 0 0  0 0 
q 7 0 0 0 6A7 =Ty,q 0A7 =0A7 0 0  20 0 
q 8 0 0 0 7A8 =Tx,q 0A8=0A8 0 0  0 0 
q 9 0 0 l 2 8A9 =Tz,q 0A9=0A9 0 0  -70 0 
q 10 0 0 l 3 9A10 =Ty,q 0A10=0A10  0 0  0 0 
q 11 0 0 l 4 10A11 =Ty,q 0A11=0A11 0 0  30 0 
q 12 0 0 0 11A12 =Ty,q 0A12=0A66S1111A12 0 0  70 0 
q 13 0 0 l 5 12A13 =Tx,q 0A13=0A66S1111A13 0 0  0 0 
q 14 0 0 l 6 13A14 =Ty,q 0A14=0A66S1111A14 0 0  80 0 
q 15 0 0  l 7 14A15 =Ty,q 0A15=0A66S1111A15 0 0  0 0 
q 16 0 0 0 15A16 =Ty,q 0A16=0A66S1515A16 0 0  70 0 
q 17 0 0 l8 16A17 =Tx,q 0A17=0A66S1515A17 0 0  0 0 
q 18 0 0 l 9 17A18 =Ty,q 0A18=0A66S1515A18 0 0  80 0 
q 19 0 0 l10 18A19 =Ty,q 0A19=0A66S1515A19 0 0  0 0 
q 20 0 0 0 19A20 =Ty,q 0A20=0A66S1919A20 0 0  70 0 
q 21 0 0 l 11 20A21 =Tx,q 0A21=0A66S1919A21 0 0  0 0 
q 22 0 0 l12 21A22 =Ty,q 0A22=0A66S1919A22 0 0  80 0 
q 23 0 0 l13 22A23 =Tyq 0A23=0A66S1919A23 0 0  0 0 
q 24 0 0 0 23A24 =Ty,q 0A24=0A66S2323A24 0 0  70 0 
q 25 0 0 l14 24A25 =Tx,q  0A25=0A66S2323A25 0 0  0 0 
q 26 0 0 l 15 25A26 =Ty,q  0A26=0A66S2323A26 0 0  80 0 
q 27 0 0 l 16 25A27 =Ty,q  0A27=0A66S2323A27 0 0  0 0 
Note: - means that i-1Ai  has no position vector pi; In 0Ai , when i=1,…..,11, then p6=k 1.; when i=12,…..,15, then p6=k 2; when i=16,…..,19, 
then p6=k 3; when i=20,…..,23, then p6=k 4; when i=24,…..,27, then p6=k 5. 
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Table 2. The subject's right hand segment parameters 
  pi    ir     
I ix (m) iy (m) iz (m)  ix (m) iy (m) iz   mj 
1 0 0 0  0 0 0  0 
2 0 0 0  0 0 0  0 
3 0 0 0  0 0 0  0 
4 0 0 0  0 0 0  0 
5 0 0 0  0 0 0  0 
6 6x  6y  6z   0 -0.024 0.047  0.33 
7 0 0 0  0 0 0  0 
8 0 0 0  0 0 0  0 
7 0 0.029 0.045  0 0 0  0 
10 0 0 0.040  0 0 -0.020  0.0168 
11 0 0 0.033  0 0 -0.017  0.0139 
12 0 0 0  0 0 0  0 
13 0 0 0.051  0 0 -0.026  0.0197 
14 0 0 0.029  0 0 -0.015  0.0085 
15 0 0 0.024  0 0 -0.012  0.0051 
16 0 0 0  0 0 0  0 
17 0 0 0.057  0 0 -0.029  0.0202 
18 0 0 0.034  0 0 -0.017  0.011 
19 0 0 0.028  0 0 -0.014  0.0066 
20 0 0 0  0 0 0  0 
21 0 0 0.047  0 0 -0.024  0.0166 
22 0 0 0.032  0 0 -0.016  0.0094 
23 0 0 0.027  0 0 -0.014  0.0064 
24 0 0 0  0 0 0  0 
25 0 0 0.035  0 0 -0.018  0.0066 
26 0 0 0.019  0 0 -0.010  0.0036 
27 0 0 0.022  0 0 -0.011  0.0036 
Note: In 0Ai, when i = 1,…,11, then p6 = (0, 0.024, 0.009)T. When i = 12,…,15, then p6 = (0, 0.029, 0.081)T. When i = 16,…,19, then p6 = 
(0,0.004,0.084)T. When i = 20,…,23, then p6 = (0,-0.017,0.076)T. When i = 24,…,27, then p6 = (0, -0.04, 0.073)T (see Table 1). 
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